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SMOOTH APPROXIMATIONS AND THEIR APPLICATIONS TO
HOMOTOPY TYPES
OLEKSANDRA KHOKHLIUK AND SERGIY MAKSYMENKO
Abstract. Let M,N the be smooth manifolds, Cr(M,N) the space of Cr maps endowed
with the corresponding weak Whitney topology, and B ⊂ Cr(M,N) an open subset. It
is proved that for 0 ≤ r < s ≤ ∞ the inclusion B ∩ Cs(M,N) ⊂ B is a weak homotopy
equivalence. It is also established a parametrized variant of such a result. In particular,
it is shown that for a compact manifold M , the inclusion of the space of Cs isotopies η :
[0, 1]×M → M fixed near {0, 1} ×M into the space of loops Ω(Dr(M), idM ) of the group
of Cr diffeomorphisms of M at idM is a weak homotopy equivalence.
1. Introduction
Let M,N be two smooth manifolds. Then for each r ≥ 0 the space Cr(M,N) of Cr maps
M → N can be endowed with the Cr weak Whitney topology which we will denote by Wr,
e.g. [20, Chapter 2], [32, Chapter 8]. In fact,
• W0 is the same as the compact open topology,
• Wr for r < ∞ arises as the induced compact open topology from the natural inclusion
Cr(M,N) ⊂ C0(M,J r(M,N)) (called r-jet prolongation), where J r(M,N) is the space
of r-jets of maps M → N , and
• W∞ is generated by all topologies Wr for 0 ≤ r <∞.
In particular, we get a sequence of continuous inclusions
C∞(M,N) ⊂ · · · ⊂ Cr(M,N) ⊂ Cr−1(M,N) ⊂ · · · ⊂ C0(M,N) (1.1)
that are not topological embeddings, since each topology Wr is stronger than the induced
Wr−1 one.
It seems to be known that each of the above inclusions is a weak homotopy equivalence, but
the authors did not succeed to find its explicit formulation in the available literature, though
it was proved in [35, Theorem A.3.7 & Remark A.3.8] for the case when M is compact and
N is a Lie group (even Fre´chet-Lie group), and there are discussions, claims that it is true in
general, and ideas of proof in some internet mathematical resources, see e.g. [11, answer by
Ryan Budney] and [6]. However, after posting to arXiv the initial version of the present paper
Prof. Helge Glo¨ckner kindly informed us that such a statement follows from his (currently
unpublished) paper [14, Proposition 6.1], see Remark 7.4 for details. That weak homotopy
equivalence is a consequence of C∞ approximation theorems and extends [36, Theorems 12,
16, 17] and [48] about homotopy types of open subsets of locally convex topological vector
spaces.
Remark 1.1. If M is compact, then by [31, Corollary 2] (being simply a combination of
results by J.H.C. Whitehead, O. Hanner, and K. Kuratowski), the spaces in (1.1) have
homotopy types of countable CW-complexes, and therefore all the above inclusions are in
fact homotopy equivalences.
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The aim of this paper is to give elementary and thorough proofs that several kinds of
natural inclusions between spaces of differentiable maps, including inclusions (1.1), are (weak)
homotopy equivalences as well, see Theorems 1.5, 1.8, and 8.1.
The obtained results are thus partially contained in [14]. We work in not such a generality
as in [14], but we additionally cover
• the “relative” case of spaces of mapsM → N that coincide with some map ϕ :M → N on a
closed subset X ⊂M , e.g. groups of diffeomorphisms fixed on some tubular neighbourhood
of a submanifold, and in particular on a collar of the boundary of a manifold, Corollary 1.11;
• the “parametrized ” case of spaces of continuous maps of a manifold L into the space of Cr
maps M → N , and in particular, show that certain spaces of smooth isotopies are weakly
homotopy equivalent to the corresponding loop spaces (consisting of continuous maps),
Theorem 1.9 and Corollary 1.10.
These results seem to be useful and applicable for concrete computations of the homotopy
types of certain spaces of smooth maps, in particular, groups of diffeomorphisms preserving a
smooth function or leaves of a foliations. They could probably be extended to a more general
context of manifolds modelled on infinite-dimensional topological vector spaces.
A good survey on the homotopy types of spaces of smooth maps can be found in [42], see
also [19, 39, 41, 1, 2, 16], and [7, 43, 44, 24, 45] for the topology of loop spaces.
Main results. Let M,N be smooth manifolds possibly with corners (see e.g. [29, Chap-
ter 1]), 0 ≤ r < s ≤ ∞, B ⊂ Cr(M,N) an open subset with the topology Wr, and
A := B ∩ Cs(M,N). Endow A with the topology Ws.
Moreover, for a subset X ⊂ M and a continuous map ϕ : X → N define the following
subspaces of B and A with the induced topologies:
Bϕ,X := {g ∈ B | g = ϕ on X} ⊂ B, Aϕ,X := Bϕ,X ∩ C
s(M,N) ≡ A∩ Bϕ,X .
In particular, we get two inclusions
i : A ⊂ B, i : Aϕ,X ⊂ Bϕ,X . (1.2)
Definition 1.2. Let X ⊂ M be a closed subset with non-empty interior and ϕ ∈ Cs(M,N),
0 ≤ s ≤ ∞. We will say that a pair of Cs isotopies
Σ : [0, 1]×M →M, ∆ : [0, 1]×N → N, (1.3)
stabilizes ϕ near X, whenever
(a) Σ0 = idM , ∆0 = idN ,
(b) Σt(X) ⊂ IntX for 0 < t ≤ 1, or equivalently X ⊂ Int
(
Σ−1t (X)
)
;
(c) ∆t ◦ ϕ ◦Σt = ϕ on some neighbourhood of X (which may depend on t) for 0 < t ≤ 1.
Remark 1.3. Let (1.3) be a pair of isotopies stabilizing ϕ near X, and ∆t ◦ ϕ ◦ Σt = ϕ on
some neighbourhood Ut of X for t ∈ (0, 1]. Let also g ∈ Cr(M,N) be a map such that g = ϕ
on X, and gt := ∆t ◦ g ◦Σt. Then it easily follows from conditions (a)-(c) that for 0 < t ≤ 1,
gt ≡ ϕ on the neighbourhood Ut∩ Int
(
Σ−1t (X)
)
of X, see Lemma 7.2.1. In particular, gt is Cs
near X. Thus, existence of such isotopies allows to deform (by arbitrary small perturbation,
i.e. for arbitrary small t > 0) any Cr map g coinciding with ϕ on X to a map gt which is Cs
near X. This property is a principal technical feature allowing to prove relative variants of
our results, see Theorem 1.5(2).
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Example 1.4. Let B ⊂ M be a submanifold, X a closed tubular neighbourhood of B, so
there exists a smooth retraction ρ : X → B having a structure of a locally trivial fibration
with a fibre being a closed disk of dimension dimM − dimB. Fix any Cs isotopy Σ :
[0, 1]×M → M such that Σ0 = idM and Σt(X) ⊂ IntX for all t ∈ (0, 1], so it “shrinks X”.
Let also ∆ : [0, 1] ×M → M be the isotopy consisting of inverses of Σ, that is ∆t = Σ
−1
t .
The latter implies that ∆t ◦ idM ◦ Σt = idM , i.e. this pair of isotopies stabilizes the identity
map ϕ = idM near X.
Theorem 1.5. (1) The inclusion i : A ⊂ B is always a weak homotopy equivalence. If M is
compact, then by [31, Corollary 2], A and B have homotopy types of CW-complexes, and
therefore i is in fact a homotopy equivalence.
(2) If there exists a pair of isotopies (1.3) stabilizing ϕ near X, then the inclusion i : Aϕ,X ⊂
Bϕ,X is a weak homotopy equivalence as well.
Notice that part (1) is a particular case of (2) for X = ∅. Moreover, Theorem 1.5 is a
particular case of Theorem 1.8 below.
For the convenience of the reader we recall a list of useful open sets of Cr maps.
Lemma 1.6. ([20]) Table 1.1 below contains a list of open subsets of Cr(M,N) in the topology
Wr, r ≥ 1. Hence by Theorem 1.5(1) the inclusions Gs ⊂ Gr (r < s ≤ ∞) of the topological
spaces from the same line of Table 1.1 is a homotopy equivalences.
Set Gr Description Condition
for openness
Cr(M,N) all Cr maps always
Dr(M,N) diffeomorphisms M is closed
Subr(M,N) submersions M is compact
Immr
K
(M,N) maps f : M → N being immersions on a
subset K ⊂M
K is compact and is con-
tained in IntM
EmbrK(M,N) maps f : M → N being embeddings on
some neighbourhood U (depending on f)
of a subset K ⊂M
⋔r
K
(M,N ;L) maps which are transversal on a subset
K ⊂ M to a closed submanifold L ⊂
J r(M,N)
Morser(M,N) Morse mapsM → N (i.e. having only non-
degenerate critical points)
r ≥ 2, M is a closed man-
ifold, N is either R or the
circle S1
Table 1.1. Open sets
Proof. For Cr(M,N) the statement is trivial, and the spaces ImmrM(M,N), Sub
r(M,N),
EmbrM(M,N), D
r(M,N), andMorser(M,N) are open in the strong topology Sr on Cr(M,N),
see respectively [20, Chapter 2, Theorems 1.1, 1.2, 1.4, 1.6] and [20, Chapter 6, Theorem 1.2].
But that topology coincides with Wr for compact M , whence the above sets are also open in
Wr.
Finally, the sets ImmrK(M,N), Emb
r
K(M,N), and ⋔
r
K(M,N ;L) with compact K are open
due to [20, Chapter 2, §1, Exercises 13, 14] and [20, Chapter 3, Theorem 2.8]. 
Remark 1.7. In [20, Chapter 3, Theorem 2.2] it was introduced a notion of the so-called
“rich” class of maps Cr(M,N) which allows to construct open subsets of Cr(M,N). See also
exercises in [20, Chapters 2 and 3] for other examples of open subsets of Cr(M,N).
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Parametrized version of Theorem 1.5. Let L be another smooth manifold. Then each
Cr map F : L×M → N induces a map f : L→ Cr(M,N) defined by f(v)(x) = F (v, x). The
maps F and f will be called adjoint to each other. One can check (see Lemma 3.3 below)
that f is continuous and the correspondence F 7→ f is a continuous injective map
E : Cr(L×M,N)→ C0(L, Cr(M,N)) . (1.4)
Conversely, every map f : L → Cr(M,N) induces the adjoint map F : L ×M → N by
F (v, x) = f(v)(x) which is Cr on sets v×M for each v ∈ L. Moreover, continuity of f means
that “r-jet of F along M” (i.e. partial derivatives along M of its coordinate functions up to
order r) are continuous on L ×M , (see Lemma 5.4 and Example 5.3). On the other hand,
F is not necessarily differentiable in L.
Also notice that if Σ : L×M → L×M is a Cs map, then the composition F ◦Σ does not
necessarily induces a map L → Cr(M,N). The reason is that F is differentiable only along
the sets {v×M}v∈L. Therefore if Σ does not preserve partition into those submanifolds, i.e.
Σ(v ×M) is not contained in some v′ ×M , then the restriction F ◦Σ|v : v ×M → N might
not be differentiable.
Let pL : L ×M → L be the natural projection regarded as a trivial fibration. Then a
Cr map Σ = (λ, µ) : L × M → L × M will be called a morphism of the fibration pL if
pL ◦Σ = λ ◦ pL. This means that Σ(v, x) = (λ(v), µ(v, x)), i.e. its first coordinate function λ
does not depend on x ∈ M and induces a Cs map λ : L→ L. One easily checks that if Σ is
a morphism of pL, then F ◦ Σ induces a continuous map L → Cr(M,N), (see Lemma 5.9).
Thus morphisms of the trivial fibration pL are the right kind of Cr self-maps of L×M acting
on the space of continuous maps L→ Cr(M,N).
Theorem 1.8. (1) Let 0 ≤ r ≤ s ≤ ∞, B be an open subset of C0(L, Cr(M,N)), and
A = E−1(B) ∩ Cs(L×M,N)
be the set of Cs maps L×M → N whose adjoint map L→ Cr(M,N) belongs to B. Endow
A with the topology Ws. Then the inclusion E : A →֒ B is a weak homotopy equivalence.
(2) Let X ⊂ L×M be a closed subset, ϕ ∈ Cs(L×M,N),
Bϕ,X = {g ∈ B | g(v)(x) = ϕ(v, x) for (v, x) ∈ X},
Aϕ,X = E
−1(Bϕ,X) ∩ C
s(L×M,N) = {G ∈ A | G = ϕ on X}.
Endow Bϕ,X with the induced compact open topology from C0(L, Cr(M,N)), and Aϕ,X
with the topology Ws. Suppose there exists a pair of Cs isotopies
Σ = (λ, µ) : [0, 1]× L×M → L×M, ∆ : [0, 1]×N → N,
stabilizing ϕ near X and such that each Σt consists of morphisms of the trivial fibration
pL, i.e. its coordinate function λ : [0, 1]× L×M → L does not depend on x ∈M . Then
the inclusion E : Aϕ,X →֒ Bϕ,X is a weak homotopy equivalence.
(3) Statements (1) and (2) hold if we replace Cr(M,N) with the space Cr(M, ∂M ;N, ∂N) of
Cr maps f : M → N such that f(∂M) ⊂ ∂N .
Again part (1) is a particular case of (2) for X = ∅. Moreover, all the Theorem 1.5 is a
particular case of Theorem 1.8 for L being a point. Statement (3) will be proved in Section 8
(Theorem 8.1).
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Few applications of Theorem 1.8. Let r ≥ 1, M be a smooth manifold, I = [0, 1],
J = [0, 0.1] ∪ [0.9, 1], and
Ω(Dr(M)) := C0((I, ∂I), (Dr(M), idM)) ,
ΩJ (D
r(M)) := C0((I, J), (Dr(M), idM)) .
Thus Ω(Dr(M)) is the loop space of the group of Cr diffeomorphisms Dr(M) ofM at idM , and
ΩJ(D
r(M)) is a subspace consisting of loops that are constant on J , i.e. “at the beginning
and at the end of a path”. It will be shown in Lemma 3.4 below that the natural inclusion
ΩJ(Dr(M)) ⊂ Ω(Dr(M)) is a homotopy equivalence. Let also
D̂rJ×M(I ×M) = {h ∈ D
r(I ×M) | pI ◦ h = pI and h|J×M = idJ×M}
be the group of Cr diffeomorphisms of I ×M which are fixed on J ×M and leave each set
t×M invariant, i.e. preserving the projection pI : I×M → I. Thus each F ∈ D̂
r
J×M(I×M)
is given by F (t, x) =
(
t, η(t, x)
)
for some Cr isotopy η : I ×M → M such that ηt = idM for
t ∈ J . Hence D̂rJ×M(I ×M) is homeomorphic with the set of all such isotopies endowed with
the topology Wr. It also follows that E
(
D̂sJ×M(I ×M)
)
⊂ ΩJ(Dr(M)).
Theorem 1.9. If M is compact, then for 1 ≤ r ≤ s ≤ ∞ the inclusion
E : D̂sJ×M(I ×M) →֒ ΩJ (D
r(M)) (1.5)
is a weak homotopy equivalence. Hence (by Lemma 3.4) the inclusion
E : D̂sJ×M(I ×M) →֒ Ω(D
r(M))
is a weak homotopy equivalence as well.
Proof. Since M is compact, Dr(M) is open in Cr(M, ∂M ;M, ∂M), whence the set B :=
C0(I,Dr(M)) is open in C0(I, Cr(M,M)). Denote X = J ×M and ϕ = idI×M . Then in the
notation of Theorem 1.8,
Bϕ,X := ΩJ(D
r(M)), Aϕ,X := D̂
s
J×M(I ×M).
Let η : [0, 1] → [0, 1] be a C∞ function such that η[0, 0.1] = 0 and η[0.9, 1] = 1, and η is
strictly monotone on [0.1, 0.9]. Define the following isotopies Σ,∆ : [0, 0.5]× I×M → I×M
by
Σ(t, v, x) =
(
(1− t)v + tη(v), x
)
, ∆t = Σ
−1
t .
Then Σ (as well as ∆) consists of automorphisms of the trivial fibration pI : I ×M → I.
One easily checks that those isotopies stabilize ϕ near X. Indeed, notice that for t ∈ (0, 1]
Σt
(
[0, 0.1]×M
)
⊂ [0, 0.1)×M, Σt
(
[0.9, 1]×M
)
⊂ (0.9, 1]×M,
whence Σt(J ×M) ⊂ Int(J ×M). Moreover, as in Example 1.4, ∆t ◦ idI×M ◦ Σt = idI×M .
Hence by Theorem 1.8 the inclusion (1.5) is a weak homotopy equivalence. 
Corollary 1.10. Let M be a connected compact surface distinct from S2 and RP 2. Then
every connected component of D̂rJ×M(I ×M), 1 ≤ r ≤ ∞, is weakly contractible (i.e. all of
its homotopy groups are trivial) with respect to the topology Wr.
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Proof. Notice that for k ≥ 1 we have the following isomorphisms of homotopy groups:
πkD̂
r
J×M(I ×M)
∼= πkΩ(D
r(M)) ∼= πk+1
(
Dr(M), idM) ∼= πk+1
(
D∞(M), idM).
where the first isomorphism is established in Theorem 1.9, the second one is well known,
e.g. [47, Proposition 4.3 & Corollary 4.8], and the third one follows from Lemma 1.6 since
Dr(M) and D∞(M) are weakly homotopy equivalent. But if M is neither S2 nor RP 2, then
all path components of D∞(M) are homotopy equivalent to one of the following aspherical
spaces: point, S1 or S1 × S1, e.g. [40, 9, 10, 18]. Hence the above groups vanish. 
Another application of Theorem 1.9 is based on Example 1.4:
Corollary 1.11. Let 0 < r < s ≤ ∞, B be a closed submanifold of a compact manifold M ,
X a tubular neighbourhood of B, and DrX(M) the group of C
r diffeomorphisms of M fixed on
X. For example B can be a boundary component of M and X a collar of B. Then, due to
Example 1.4, inclusion DsX(M) ⊂ D
r
X(M) is a weak homotopy equivalence. 
Structure of the paper. In Section 2 we give a characterization of weak homotopy equiv-
alences which are injective maps (Lemma 2.1). Section 3 contains a list of basic properties of
compact open topologies (Lemma 3.2), and the proof of exponential law for non-Hausdorff
spaces (Lemma 3.3). In Section 4 we discuss Whitney topologies on the spaces of smooth
maps between manifolds.
In Section 5 we consider the set C0,r(L×M,N) of adjoint maps to continuous maps from
C0(L, Cr(M,N)). Similarly to [3, 13, 2], we endow C0,r(L×M,N) with a topology (denoted
W
0,r) induced from C0(L, Cr(M,N)). We prove continuity of the compositions for maps from
C0,r(L×M,N) (Lemmas 5.8 and 5.9), an exponential law (Lemma 5.6), and also formulate
analogues of smooth approximation results.
In Section 6 we establish a main approximation Lemma 6.2, and in Section 7 prove state-
ments (1) and (2) of Theorem 1.8. Finally, in Section 8 we show how to extend the obtained
results to opens subsets of the spaces of maps of pairs Cr(M, ∂M ;N, ∂N), e.g. to groups of
diffeomorphisms of manifolds with boundary (Theorem 8.1). In particular, this will prove
statement (3) of Theorem 1.8.
2. Weak homotopy equivalences
In this section we present a simple characterization of injective continuous maps being
weak homotopy equivalences. Such a question is discussed in [14, §6] for a special type of
spaces, see Remark 7.4.
Let Dk+1 be the unit k-dimensional disk in Rk+1, Sk = ∂Dk+1 the k-dimensional sphere,
and q = (1, 0, . . . , 0) ∈ Sk. Let also (B, τ) be a topological space, A a subset of B endowed
with the induced topology τA, h ∈ A, and i : A ⊂ B the inclusion map. Then it is easy to
see that the following conditions are equivalent:
(1) for each k ≥ 0 the induced homomorphism ik : πk(A, h)→ πk(B, h) of the corresponding
homotopy groups is an isomorphism (bijection of sets for k = 0);
(2) for each k ≥ 1 the corresponding relative homotopy sets are trivial: πk(B,A, h) = 0;
(3) every continuous map of triples β : (Dk+1, Sk, q) → (B,A, h) is homotopic as a map of
triples to a map into A;
(4) every continuous map of triples β : (Dk+1, Sk, q) → (B,A, h) is homotopic as a map of
pairs (Dk+1, Sk)→ (B,A) to a map into A.
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If either of these conditions holds, then i : A ⊂ B is called a weak homotopy equivalences.
Suppose now A is endowed with some other topology σ. Then i : (A, σ) ⊂ (B, τ) is still
continuous if and only if σ is stronger than τA.
Thus suppose that i is continuous. Then a continuous map of pairs
β : (Dk+1, Sk)→ (B,A)
will be called σ-admissible1, if the restriction β|Sk : S
k → A is still continuous into the
topology σ of A. More formally, there should exist a continuous map α : Sk → A such that
β|Sk = i ◦ α, and so we get the following commutative diagram of continuous maps:
(A, σ)
i // (B, τ)
Sk 
 //
α
OO
Dk+1
β
OO
A homotopy consisting of σ-admissible maps will be called σ-admissible.
The following lemma is a simple exercise in homotopy groups.
Lemma 2.1. Let (A, σ) and (B, τ) be path connected topological spaces and i : A → B be
an injective continuous map, so we can identify A with a subset of B, but endow it with a
stronger than τA topology σ. Let also h ∈ A. Then the following conditions are equivalent.
(1) i : A → B is a weak homotopy equivalence;
(2) every σ-admissible map β : (Dk+1, Sk, q)→ (B,A, h) is homotopic relatively to Sk to
a map into A;
(3) every σ-admissible map β : (Dk+1, Sk, q)→ (B,A, h) is homotopic by a σ-admissible
homotopy of triples (Dk+1, Sk, q)→ (B,A, h) to a map into A;
(4) every σ-admissible map β : (Dk+1, Sk, q)→ (B,A, h) is homotopic by a σ-admissible
homotopy of pairs (Dk+1, Sk)→ (B,A) to a map into A.
Proof. (1)⇒(3) Let β : (Dk+1, Sk, q)→ (B,A, h) be a σ-admissible map, and α : Sk → (A, σ)
the map such that β|Sk = i ◦ α. In particular, we see that ik
(
[α]
)
= 0 in πk(B, h). Since
ik is an isomorphism, [α] = 0 in πk(A, h), i.e. there exists a homotopy A : [0, 1]× Sk → A
such that A0 = α, At(q) = h for all t ∈ [0, 1], and A1(Sk) = {h}. Since the pair (Dk+1, Sk)
satisfies homotopy extension axiom, the homotopy i ◦ A : [0, 1] × Sk → B extends to some
homotopy B : [0, 1]×Dk+1 → B such that B0 = β.
The assumption B|[0,1]×Sk = i ◦ A means that the homotopy B consists of σ-admissible
maps. Therefore we can replace β with B1 and assume that β(S
k) = B1(S
k) = {h}.
Thus β is a map of pairs β : (Dk+1, Sk) → (B, {h}), and therefore it represents some
element [β] of πk+1(B, h). Since ik+1 is an isomorphism as well, β is homotopic relatively Sk
(and therefore by a σ-admissible homotopy) to a map into A.
(2)⇒(3) If β : (Dk+1, Sk, q) → (B,A, h) is a σ-admissible map, then any homotopy of β
relatively to Sk is σ-admissible.
(3)⇒(4) Every homotopy of triples (Dk+1, Sk, q) → (B,A, h) is also a homotopy of pairs
(Dk+1, Sk)→ (B,A).
1This property is very close to the notion of a compactly retractable topological space defined in [14,
Definition 3.2].
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(4)⇒(2) Let B : [0, 1] × Dk+1 → B be a σ-admissible homotopy such that β = B0 and
B1(D
k+1) ⊂ A. In particular, B
(
[0, 1]×Sk
)
⊂ A. Fix any continuous map η : [0, 1]×Dk+1 →
[0, 1]×Dk+1 having the following properties:
(1) η is fixed on 0×Dk+1;
(2) η([0, 1]× z) = (0, z) for all z ∈ Sk;
(3) η(1×Dk+1) ⊂
(
1×Dk+1
)
∪
(
[0, 1]× Sk
)
;
Then B ◦ η : [0, 1]×Dk+1 → B is a σ-admissible homotopy relatively Sk between B0 and a
map into A.
(2)⇒(1) Surjectivity of ik. Let β : (Dk, Sk−1) → (B, {h}) be a continuous map. We have
to show that β is homotopic as a map of pairs to a map i ◦α for some map α : (Dk, Sk−1)→
(A, {h}).
Notice that β can also be regarded as a map of triples β : (Dk, Sk−1, q) → (B,A, {h}).
Moreover, as β|Sk : S
k−1 → A is constant, it is also continuous into the topology σ, whence
β is a σ-admissible map. Hence, by (2), β is homotopic relatively to Sk (i.e. sending Sk to a
point h) to a map i ◦α for some continuous map α : (Dk, Sk−1)→ (B, {h}). Then ik[α] = β.
Injectivity of ik. Let α : (S
k, q)→ (A, {h}) be a continuous map such that i◦α : (Sk, q)→
(B, {h}) extends to a continuous map β : Dk+1 → B. We have to show that then α itself
extends to a continuous map Dk+1 → A.
Notice that the assumption on α and β means that β is a σ-admissible map. Therefore
by (2), β is homotopic relatively to Sk to a map i◦β ′ for some continuous map β ′ : Dk → A.
But β ′|Sk = β|Sk = α, which means that β
′ is a desired extension of α. 
3. Compact open topologies
Locally compact spaces. We will say that a (not necessary Hausdorff) topological space
M is locally compact whenever for each x ∈ M and an open neighbourhood U of x there
exists a compact subset B ⊂M such that x ∈ IntB ⊂ B ⊂ U .
Lemma 3.1. Let K be a compact subset of a locally compact topological spaceM , and {Ui}
n
i=1
be a finite open cover of K. Then there exists finitely many compact sets K1, . . . , Kn such
that Ki ⊂ Ui for each i = 1, . . . , n and K ⊂
n
∪
i=1
Ki.
Proof. For each x ∈ K fix an element Uix containing x. By local compactness of M there
exists a compact subset Bx such that x ∈ IntBx ⊂ Bx ⊂ Uix . Then {IntBx}x∈K is an open
cover of K, whence there are finitely many points x1, . . . , xk such that K ⊂
k
∪
j=1
IntBxj . Let
Ki = ∪
ixj=i
Bxj be the union of those Bxj which are contained in Ui. Then Ki is compact,
Ki ⊂ Ui, and K ⊂
n
∪
i=1
Ki. 
Compact open topologies. Recall, e.g. [12], that for any topological spaces M and N the
compact open topology on the space C0(M,N) of all continuous mapsM → N is the topology
generated as a subbase by sets of the form:
[X, V ] = {h ∈ C0(M,N) | h(X) ⊂ V },
where X ⊂ M runs over all compact subsets of M and V ⊂ N runs over all open subsets of
N .
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In what follows we will always assume that the space C0(M,N) is endowed with the compact
open topology.
To make the paper as self contained as possible we will collect in the following lemma
several simple properties of compact open topologies. Most of them are rather trivial and
can be found in many sources. Emphasize, that in several statements we require the spaces
to be locally compact but do not require them to be Hausdorff.
Lemma 3.2. For three topological spaces L,M,N the following statements hold true.
(1) Properties of subbase.
(a) [K, V1]∩ [K, V2] = [K, V1∩V2], ∪
i∈Λ
[K, Vi] = [K, ∪
i∈Λ
Vi] for any compact K ⊂M , open
V1, V2 ⊂ N and a family {Vi}i∈Λ of open subsets of N .
(b) Let U ⊂ V be open subsets of M such that U ⊂ V , then for any compact K ⊂ L we
have that [K,U ] ⊂ [K, V ], ([34, §46, Excercise 6]).
(2) Separation axioms. If M is a Ti-space for some i = 0, 1, 2, 3, then so is C0(L,M).
(3) Composition of maps. For any continuous maps F : L→M and G :M → N the maps
G∗ : C
0(L,M)→ C0(L,N) , G∗(f) = G ◦ f, (3.1)
F ∗ : C0(M,N)→ C0(L,N) , F ∗(g) = g ◦ F, (3.2)
are continuous. Moreover, if M is locally compact, then the composition map
m : C0(L,M)× C0(M,N)→ C0(L,N) , m(f, g) = g ◦ f,
is continuous as well.
(4) For a point x ∈ M let cx : L→ M be the constant map into the point x. Then the map
c : M → C0(L,M), c(x) = cx, is continuous.
(5) Suppose N is homeomorphic to a product
∏
i∈ΛNi of arbitrary family of topological spaces.
Let also pj :
∏
i∈ΛNi → Nj, j ∈ Λ, be the natural projection onto j-th multiple. Then
the natural map
η =
∏
i∈Λ
(pi)∗ : C
0(M,N)→
∏
i∈Λ
C0(M,Ni) , η(f) = {pi ◦ f}i∈Λ,
is a continuous bijection. If either M is locally compact or each Ni is a T3 space, then η
is a homeomorphism.
Proof. (1) Property (1a) is trivial.
(1b) Suppose K ⊂ L is compact, U, V ⊂ M are open, and U ⊂ V . For the proof that
[K,U ] ⊂ [K, V ] it suffices to show that if f ∈ C0(L,M) \ [K, V ], then f 6∈ [K,U ] as well, i.e.
there exists an neighbourhood U of f such that U ∩ [K,U ] = ∅.
The assumption f 6∈ [K, V ], i.e. f(K) 6⊂ V , implies that B := f(K) ∩ (M \ V ) 6= ∅.
Therefore A := K∩f−1(B) = K∩f−1(M\V ) is closed inK, and thus it is compact. Moreover,
f(A) ⊂ M \ V ⊂ M \ U . In other words, U := [A,M \ U ] is an open neighbourhood of f .
Now for any g ∈ U we have that g(K) ⊃ g(A) ⊂ M \ U , whence g(K) 6⊂ U , i.e. g 6∈ [K,U ].
Thus U ∩ [K,U ] = ∅.
(2) Let f 6= g ∈ C0(L,M), so there exists a point x ∈ L such that f(x) 6= g(x). If M is
T0, there is an open neighbourhoods Uf(x) of f(x) such that g(x) 6∈ Uf(x). Then [{x}, Uf(x)]
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is an open neighbourhood of f which does not contain g. Hence C0(L,M) is a T0 space as
well. The proof of T1- and T2-cases of M is similar and we leave it for the reader.
Suppose M is T3. Let f ∈ C0(L,M) and V be its open neighbourhood. We should find
another open neighbourhood U of f such that U ⊂ V. Decreasing V if necessary, one can
assume that V = ∩ni=1[Ki, Vi] for some finite n, compacts Ki ⊂ L, and open Vi ⊂ M ,
i = 1, . . . , n. Thus f(Ki) ⊂ Vi for i = 1, . . . , n. Since M is T3 space, and f(Ki) is compact,
there exist an open Ui ⊂ M such that f(Ki) ⊂ Ui ⊂ Ui ⊂ Vi. Put U = ∩ni=1[Ki, Ui]. Then
f ∈ U . Moreover by (1b),
U =
n
∩
i=1
[Ki, Ui] ⊂
n
∩
i=1
[Ki, Ui] ⊂
n
∩
i=1
[Ki, Vi] = V.
(3) Let [A,W ] be a subbase open set of C0(L,N), where A ⊂ L is compact, and W ⊂ N
is open. Then it is easy to see that
(G∗)
−1[A,W ] = [A,G−1(W )], (F ∗)−1[A,W ] = [F (A),W ],
so those inverse images are open in C0(L,M) and C0(M,N) respectively, and therefore G∗
and F ∗ are continuous. For the proof of continuity of m, see e.g.[27].
(4) Let [A, V ] be the subbase subset of C0(L,M). Then c−1
(
[A, V ]
)
= V , whence c is
continuous.
(5) It is evident that η is a bijection. Moreover, it is continuous as a product of continuous
maps (pi)∗ of type (3.1).
Suppose that either
(5a) M is locally compact, or
(5b) each Ni is a T3 space.
Let f ∈ C0(M,N) and [K,U ] be a subbase neighbourhood of f , that is f(K) ⊂ U . We need
to show that η([K,U ]) is open in
∏
i∈Λ C
0(M,Ni).
Lemma 3.2.1. In both cases (5a) and (5b) there exist
(i) finite subset of indices Σ ⊂ Λ and s > 0,
(ii) open sets V1,j, . . . , Vs,j ⊂ Nj, j ∈ Σ,
(iii) compact sets Kj ⊂M , j ∈ Σ,
such that
K ⊂
s
∪
a=1
Ka, f(Ka) ⊂
∏
j∈Σ
Va,j×
∏
i∈Λ\Σ
Ni ⊂ U, (a = 1, . . . , s).
Proof. (5a) Since f(K) is compact, there exist finite subset of indices Σ ⊂ Λ, s > 0, and open
sets V1,j, . . . , Vs,j ⊂ Nj , j ∈ Σ, such that if we denote Va =
∏
j∈Σ
Va,j ×
∏
i∈Λ\Σ
Ni, (a = 1, . . . , s),
then f(K) ⊂
s
∪
a=1
Va ⊂ U . Hence {f
−1(Va)}
s
a=1 is an open cover of K, and due to Lemma 3.1
there are compact subsets Ka ⊂ f−1(Va) such that K ⊂
s
∪
a=1
Ka.
(5b) Again as f(K) is compact, and N is T3, there exist finite subset of indices Σ ⊂ Λ,
s > 0, and open sets V1,j, . . . , Vs,j,W1,j, . . . ,Ws,j ⊂ Nj , j ∈ Σ, such that
• Va,j ⊂Wa,j for all a = 1, . . . , s and j ∈ Σ;
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• if we denote Va =
∏
j∈Σ
Va,j ×
∏
i∈Λ\Σ
Ni and Wa =
∏
j∈Σ
Wa,j ×
∏
i∈Λ\Σ
Ni, (a = 1, . . . , s), then
f(K) ⊂
s
∪
a=1
Va ⊂
s
∪
a=1
Va ⊂
s
∪
a=1
Wa ⊂ U.
Hence each Ka = f
−1(Va) ∩ K, (a = 1, . . . , s), is a closed subset of the compact K, and
therefore it is compact as well. 
Assuming that conditions (i)-(iii) of Lemma 3.2.1 hold define the following open subset
U =
s⋂
a=1
(∏
j∈Σ
[Ka, Va,j]×
∏
i∈Λ\Σ
C0(M,Ni)
)
of
∏
i∈Λ C
0(M,Ni). If {gi}i∈Λ ∈ U , and g = η−1({gi}i∈Λ), then
g(K) ⊂ g
( s
∪
a=1
Ka
)
⊂
s⋃
a=1
(∏
j∈Σ
Va,j×
∏
i∈Λ\Σ
Ni
)
⊂ U,
that is η−1(g) ∈ [K,U ], and thus U ⊂ η([K,U ]). In other words, η([K,U ]) is an open
neighbourhood of η(f). This implies that η is also an open map, and therefore a homeomor-
phism. 
Exponential law. We will present here a variant of the exponential law for non-Hausdorff
spaces which is usually formulated for Hausdorff spaces only, see Lemma 3.3. The proof of
that lemma is rather standard, however to make the paper self-contained and to be sure that
Hausdorff property is avoided we present a detailed and elementary proof. Such a splitting
of exponential law into separate statements can be found e.g. in [37, pages 30-37], or [34,
Theorem 46.11]. This is motivated by future applications to computations of homotopy types
of groups of diffeomorphisms and homeomorphisms of foliations and their relations to the
groups of homeomorphisms of the corresponding spaces of leaves. The latter spaces are often
non Hausdorff manifolds, see e.g. [15, 25, 26].
For two sets M,N we will denote by Map(M,N) the set of all maps M → N . If L is
another set, then there is a bijection
EL,M,N : Map(L×M,N)→ Map(L,Map(M,N)) (3.3)
given by the following rule: if F ∈ Map(L ×M,N), then EL,M,N(F ) : L → Map(M,N) is
given by EL,M,N(F )(t)(x) = F (t, x). We will call this map an exponential map and often
denote it simply by E whenever the sets L,M,N are understood from the context.
Lemma 3.3 (Exponential law). (cf. [34, Theorem 46.11]) Let L,M,N be topological spaces
and E := EL,M,N be the exponential map (3.3). Then the following statements hold.
(1) If F : L×M → N is continuous, then E(F ) : L→ C0(M,N) is continuous as well, that
is
E
(
C0(L×M,N)
)
⊂ C0
(
L, C0(M,N)
)
.
(2) The induced map
E : C0(L×M,N)→ C0
(
L, C0(M,N)
)
(3.4)
is continuous with respect to the corresponding compact open topologies.
(3) If M is locally compact then E
(
C0(L×M,N)
)
= C0(L, C0(M,N)), i.e. the map (3.4) is
a continuous bijection.
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(4) If, in addition to (3), L is a T3-space (again not necessarily Hausdorff), then (3.4) is a
homeomorphism. 
Proof. (1) Let F : L × M → N be a continuous map. We need to prove that the map
f = E(F ) : L→ C0(M,N) given by f(t)(x) = F (t, x) is continuous. Let t ∈ L and
[B,W ] = {g ∈ C0(M,N) | g(B) ⊂W}
be an open neighbourhood of f(t) in C0(M,N). We need to find an open neighbourhood U
of t in L such that f(U) ⊂ [B,W ].
Notice that f(t) ∈ [B,W ] also means that t × B ⊂ F−1(W ). Since B is compact, there
exists an open neighbourhood U of t in L such that U × B ⊂ F−1(W ) as well. In other
words, f(s)(B) ⊂ W for each s ∈ U , i.e. f(U) ⊂ [B,W ].
(2) Let F ∈ C0(L×M,N) and f = E(F ) ∈ C0(L, C0(M,N)). Let also A ⊂ L and B ⊂M
be compact subsets, W ⊂ N be an open set, and
[A, [B,W ]] = {g : L→ C0(M,N) | g(A)(B) ⊂W}
be an open subbase neighbourhood of f in C0(L, C0(M,N)). Then [A × B,W ] is an open
neighbourhood of F in C0(L×M,N) such that
E
(
[A×B,W ]
)
⊂ [A, [B,W ]].
This means that E is continuous.
(3) Suppose M is locally compact in the above sense and let f : L → C0(M,N) be a
continuous map. We should prove that F = E−1(f) : L ×M → N , F (t, x) = f(t)(x), is
continuous. Let (t, x) ∈ L×M and W be an open neighbourhood of F (t, x) in N . We need
to find neighbourhoods U ⊂ L and V ⊂M of t and x respectively such that F (U ×V ) ⊂W .
Since f(t) : M → N is continuous, f(t)−1(W ) is an open neighbourhood of x in M ,
whence there exists a compact B ⊂ M such that x ∈ IntB ⊂ B ⊂ U . Then [B,W ] is an
open neighbourhood of f(t), and since f : L→ C0(M,N) is continuous at t, there exists an
open neighbourhood U ⊂ L of t such that f(U) ⊂ [B,W ]. This implies that F (U ×B) ⊂W .
In particular, one can put V = IntB, and then we will have that F (U × V ) ⊂W .
(4) Suppose that M is locally compact as in (3) and that L is a T3 space, i.e. for each
point x ∈ L and its open neighbourhood U there exists an open neighbourhood Z such that
x ∈ Z ⊂ Z ⊂ U . Let F ∈ C0(L×M,N), f = E(F ), and [C,W ] be an open neighbourhood
of F , where C ⊂ L ×M is a compact subset and W ⊂ N is open. We need to prove that
E([C,W ]) contains an open neighbourhood of f in C0(L, C0(M,N)).
Since C is compact and F−1(W ) is its open neighbourhood in L×M , there exist finitely
many open sets U1, . . . , Uk ⊂ L, and V1, . . . , Vk ⊂M , such that
C ⊂
k
∪
i=1
Ui × Vi ⊂ F
−1(W ).
Moreover, since L is T3 and M is locally compact, one can assume in addition that
(a) each Vi = IntBi for some compact Bi ⊂M and that
(b) C ⊂
k
∪
i=1
Ui × Vi ⊂
k
∪
i=1
Ui × Bi ⊂ F−1(W ).
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Let p : L ×M → L, p(t, x) = t, be the natural projection. Then p(C) is compact. Hence
Ai := Ui ∩ p(C) is a closed subset of p(C) and therefore compact. It then follows that
C ⊂
k
∪
i=1
Ai ×Bi ⊂ F
−1(W ),
which also implies that
k
∪
i=1
[Ai, [Bi,W ]] ⊂ E
(
[C,W ]). 
Loop spaces. We will prove one simple lemma which was used in Theorem 1.9. Let M be
a topological space, x ∈M a point, I = [0, 1], J = [0, 0.1] ∪ [0.9, 1], and
Ω(M,x) = C0((I, ∂I), (M,x)) , ΩJ (M,x) = C
0((I, J), (M,x)) ,
be “loop spaces” of M at x.
Lemma 3.4. The inclusion ΩJ (M,x) ⊂ Ω(M,x) is a homotopy equivalence.
Proof. Fix any continuous function η : [0, 1]→ [0, 1] such that η[0, 0.1] = 0 and η[0.9, 1] = 1,
and define the following homotopy:
H : I × C0(I,M)→ C0(I,M) , H(t, γ)(q) = γ
(
(1− t)q + tη(q)
)
.
This map is continuous as the following composition:
H : I × C0(I,M)
(t,γ) 7→ ((1−t)idI+tη, γ)
−−−−−−−−−−−−−−→ C0(I, I)× C0(I,M)
(ψ,γ) 7→ γ◦ψ
−−−−−−−−−→
Lemma 3.2(3)
C0(I,M) .
One easily checks that
(a) H0 = idC0(I,M);
(b) H
(
[0, 1]× Ω(M,x)
)
⊂ Ω(M,x) and H
(
[0, 1]× ΩJ (M,x)
)
⊂ ΩJ (M,x);
(c) H1
(
Ω(M,x)
)
⊂ ΩJ (M,x).
These properties mean that the restriction of H : I×Ω(M,x)→ Ω(M,x) is a deformation of
Ω(M,x) into ΩJ (M,x), which implies that the inclusion ΩJ(M,x) ⊂ Ω(M,x) is a homotopy
equivalence. 
4. Whitney topologies
In this section we recall basic results on Whitney topologies, and refer the reader for details
to [20, Chapter 2], [30, Chapter 4], or [32, Chapter 8], and to [29, Chapter 9] for manifolds
with corners.
Manifolds with corners. Let Λ = {λi : Rm → R}ki=1 be a finite (possibly empty) linearly
independent family of linear functions. Then the set
(Rm)+Λ = {x ∈ R
m | λi(x) ≥ 0 for all i = 1, . . . , k}
will be called the non-negative cone of Λ. A manifold with corners is a Hausdorff topolog-
ical space M having countable base and such that for every point x ∈ M there exists a
neighbourhood U and an open embedding φ : U → (Rm)+Λ into some cone. Such a triple
(U, φ,Λ) is called a chart of M . Then one can define in a standard way a notion of a Cr atlas
and a differentiable structure of class Cr on a manifold with corners for 0 ≤ r ≤ ∞, see for
details [29, Chapter 1].
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Jet bundles. Let M and N be smooth manifolds (possibly with corners) of dimensions m
and n respectively. If φ : V → (Rm)+Λ , ψ : W → (R
n)+Λ′ be two charts from the atlases of
M and N respectively. Let also h : M → N be a map such that h(U) ⊂ V . Then a local
presentation of h in these charts is the following map
(Rm)+Λ ⊃ φ(U)
ψ◦h◦φ−1
−−−−−−→ ψ(V ) ⊂ (Rn)+Λ′. (4.1)
Let 0 ≤ r ≤ ∞, x ∈ M , and f, g : (M,x) → N be two germs of Cr maps at x. Say
that f and g are r-equivalent at x if in some local presentation (4.1) of f in the local chart
containing x the Taylor polynomials of the corresponding coordinate functions of f and g at
x up to order r coincide. This, in particular, means that f(x) = g(x).
The r-equivalence class at x of a germ f is called r-jet of f at x and is denoted by jrx[f ],
the set of such classes is denoted by J r(M,N)x, and the following union
J r(M,N) := ∪
x∈M
J r(M,N)x
is called the space of r-jets of maps M → N . In particular, J 0(M,N) = M ×N .
It is known that for r <∞ the set J r(M,N) has a structure of a smooth finite dimensional
manifold2, and we have a sequence of vector bundles:
· · ·
qr+1
−−→ J r(M,N)
qr
−→ J r−1(M,N) → · · ·
q2
−→ J 1(M,N)
q1
−→ J 0(M,N) ≡ M × N,
such that the fibres of qi can be regarded as the spaces of homogeneous polynomial maps
R
m → Rn of degree i. In particular, pr = q1 ◦ · · · ◦ qr : J r(M,N)→ M ×N is also a vector
bundle, whose fibres are the spaces of polynomial maps Rm → Rn of degree i.
Let πM :M ×N →M and πN : M ×N → N be the natural projections. Then we get the
following two locally trivial fibrations:
src = πM ◦ pr : J
r(M,N)→ M, dest = πN ◦ pr : J
r(M,N)→ N,
called respectively the source and destination maps. Thus if σ = jrv [f ] ∈ J
r(M,N) is
an r-jet represented by some germ of maps f : (M,x) → (N, y), then src(σ) = x, and
dest(σ) = y = f(x).
Further recall that for every h ∈ Cr(M,N) one can define its r-th jet prolongation
jr[h] : M → J r(M,N)
being a section of src. In particular, j0x[h] = (x, h(x)), so j
0[h] is just the embedding of M
into M ×N as the graph of h. More generally, if we fix some local presentation of h as a map
h = (h1, . . . , hn) : (R
m)+Λ ⊃ V → R
n from some open subset V of some non-negative cone
(Rm)+Λ , then j
r[h] has a local presentation jr[h] : U → U × Rm+(1+m+m
2+···+mr) defined by
jrx1,...,xm[h] =
(
x1, . . . , xm,
{
∂ihj
∂xa1 ···∂xai
}i=0,...,r, j=1,...,n
a1,...,ai=1,...,m
)
.
whose coordinate functions are coordinates of the point x = (x1, . . . , xm) ∈ U and all partial
derivatives up to order r of all coordinate functions of h.
Also notice that the above correspondence h 7→ ji[h], r <∞, gives an injection
jr : Cr(M,N) ⊂ C0(M,J r(M,N)) , (4.2)
and thus one can identify Cr(M,N) with its image in C0(M,J r(M,N)). By [20, Chapter 2,
Theorem 4.3], jr
(
Cr(M,N)
)
is a closed subset of C0(M,J r(M,N)).
2 [29, Proposition 9.1.7] for manifolds with corners.
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Definition 4.1. Let 0 ≤ r ≤ ∞. Then the weak topology W0 on C0(M,N) is just the compact
open topology.
The weak topology Wr on Cr(M,N) is the initial topology with respect to the inclusion map
ji, see (4.2).
The weak topology W∞ on C∞(M,N) is the topology generated by all topologies Wr for
0 ≤ r <∞.
Finally, the weak topology Wi on Cr(M,N) for i < r is the topology induced from the
inclusion Cr(M,N) ⊂ Ci(M,N).
The space Cr(M,N) with the topology Wi, 0 ≤ i ≤ r, will be denoted by Cr(M,N)i. If
i = r, then we omit the index for the topology and thus write Cr(M,N) instead of Cr(M,N)r.
Notice that since J i(M,N) is a T3-space (in fact even a Hausdorff finite-dimensional
manifold), it follows from Lemma 3.2(1b) that C0(M,J i(M,N)) and therefore its subspace
Cr(M,N)i is a T3 space as well.
Lemma 4.2 (Composition of jets). ([30, Chapter 1, 1.4], [32, Proposition 8.3.2]) Let L,M,N
be smooth manifolds and r <∞. Then the following set
J r(L,M)×M J
r(M,N) = {(σ, τ) ∈ J r(L,M)× J r(M,N) | dest(σ) = src(τ)}
is a real analytic submanifold of J r(L,M)×J r(M,N). Moreover, the “composition of r-jets”
map
ν : J r(L,M)×M J
r(M,N)→ J r(L,N), ν
(
jrx[f ], j
r
f(x)[g]
)
= jrx[g ◦ f ],
is continuous, in fact, even real analytic.
Corollary 4.3. ([20, Chapter 2, §4, Exercise 10]) The composition map
mr : C
r(L,M)× Cr(M,N)→ Cr(L,N) , mr(f, g) = g ◦ f,
is continuous.
Proof. Such a statement is usually formulated and proved for strong topologies and Cr(L,M)
is replaced with the space of proper maps Propr(L,M), see e.g. [32, Proposition 8.3.4]. We
will present a “formal” proof of continuity of mr just to illustrate several typical formal argu-
ments based on Lemma 4.2 and elementary properties of compact open topologies described
in Lemma 3.2. Such kind of arguments will appear several times later in the paper.
Due to the definition of topology Wr it suffices to show that the map
Cr(L,M)× Cr(M,N)→ C0(L,J r(L,N)) , m′r(f, g)(v) = j
r
v [g ◦ f ],
is continuous. Consider the following composition of continuous maps:
α : Cr(L,M)× Cr(M,N)
(f,g) 7→ (jr[f ], f, jr[g])
−−−−−−−−−−−−−−→
→ C0(L,J r(L,M))× C0(L,M)× C0(M,J r(M,N))
(σ,f,τ) 7→ (σ, τ◦f)
−−−−−−−−−−−→
Lemma 3.2(3)
→ C0(L,J r(L,M))× C0(L,J r(M,N))
∼=
−−−−−−−→
Lemma 3.2(5)
→ C0(L,J r(L,M)× J r(M,N)) .
Notice that
α(f, g)(v) =
(
jrv [f ], j
r
f(v)[g]) ∈ J
r(L,M)×M J
r(M,N) ⊂ J r(L,M)× J r(M,N),
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and ν ◦ α(f, g) = jr[g ◦ f ] = m′(ν ◦ α). Therefore α can be regarded as a continuous map
α : Cr(L,M)× Cr(M,N)→ C0(L,J r(L,M)×M J
r(M,N)) ,
so that
m
′
r = ν∗ ◦ α : C
r(L,M)× Cr(M,N)
α
−→
→ C0(L,J r(L,M)×M J
r(M,N))
ν∗−→ C0(L,J r(L,N)) .
Hence m′r and therefore mr are continuous for r <∞.
Let r =∞. Then for each s <∞ the map
m∞ : C
∞(L,M)× C∞(M,N)
id
−→ C∞(L,M)s × C∞(M,N)s
ms−→ C∞(L,M)s
is continuous into the topology Ws of C∞(L,N). Since the topology W∞ on C∞(L,N) is
generated by all the topologies Ws for s <∞, we obtain that m∞ is also continuous into the
topology W∞ of C∞(L,N). 
5. Jets of maps from direct products
Let L be a smooth manifold (possibly with corners) of dimension l. We will now describe
in terms of jets partial derivatives along M of Cr maps L×M → N .
Let (v, x) ∈ L ×M , and f, g : L ×M → N be two germs of maps at (v, x). Say that f
and g are r-equivalent along M at (v, x) whenever the restriction maps f, g : v ×M → N
are Cr and those maps are also r-equivalent at x. The corresponding equivalence class will
be denoted by jrM (f)(v, x) := j
r
x[f |v×M ].
Evidently, if two germs f, g : L×M → N are r-equivalent at a point (v, x), then they also
r-equivalent along M . This means that there is a natural C∞ map
ξ : J r(L×M,N)→ L×J r(M,N), ξ
(
jrv,x[f ]
)
=
(
v, jrM(f)(v, x)
)
.
Notice that there is also the inverse C∞ map
σ : L×J r(M,N)→ J r(L×M,N), σ
(
v, jrM(f)(v, x)
)
= jrv,x[f ◦ pM ],
where pM : L ×M → M is the natural projection. Then σ ◦ ξ = idL×J r(M,N), which means
that L× J r(M,N) can be regarded as a retract of J r(L×M,N).
Moreover, we also have the following commutative diagram:
L×J r(M,N) 
 σ //
idL×src **❯❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯
J r(L×M,N)
ξ // //
src′

L× J r(M,N)
idL×srctt✐✐✐✐
✐✐
✐✐
✐✐
✐✐
✐✐
✐✐
✐✐
L×M
(5.1)
where src : J r(M,N)→ M and src′ : J r(L×M,N)→ L×M are the corresponding r-jet
bundles. In particular, all down arrows are fibre bundles.
By definition, the topology Wr on Cr(L×M,N) is obtained from the identification of
that space with a subset of the space of sections of the middle arrow in (5.1) by the r-jet
prolongation map (4.2). We will need to consider continuous maps L×M → N which induce
sections of the left arrow of in (5.1). Such maps are studied in many papers and in different
variations, e.g. [3, 13, 2]. Usually they are defined only for maps into locally convex vector
spaces in order to develop differential calculus in those space. For our purposes we need a
“nonlinear” variant for maps into a manifold.
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Definition 5.1. (e.g. [3, II.6, page 91], [13, §1.4], [2, Definition 3.1]). Let L be a topological
space, U ⊂ L ×M an open subset, and 0 ≤ r < ∞. A continuous map f : U → N is C0,r
along M , or simply C0,r (if the decomposition of the topological space L ×M into a direct
product is understood from the context), whenever
(i) for each v ∈ L the restriction f |U∩(v×M) : U ∩ (v ×M)→ N is C
r;
(ii) the map jrM : U → J
r(M,N) defined by jrM (f)(v, x) = j
r
x[f |v×M ] is continuous;
That map f : U → N is C0,∞ (along M) if it is C0,r along M for all r < ∞. Denote by
C0,r(U,N), 0 ≤ r ≤ ∞, the subset of C0(L×M,N) consisting of C0,r maps.
Remark 5.2. Let (v, x) ∈ L ×M . Choose local coordinates local coordinates (x1, . . . , xm)
in M near x, and (y1, . . . , yn) in N near f(v, x), so f can be regarded as a germ of a map
f = (f1, . . . , fn) : L × (Rm)
+
Λ → (R
n)+Λ′. Then condition (ii) means that f and each partial
derivative up to order r in (x1, . . . , xm) of each coordinate function of f is continuous in
(v, x). However, if L is a smooth manifold, f is not necessarily even differentiable in L.
Example 5.3. Consider the function
f : R× R→ R, f(v, x) = |v| cos(vx+ x2).
Then f is C0,∞, since it is C∞ in x and each of its partial derivatives in x is continuous in
(v, x). On the other hand, f is only continuous but not even C1 in (v, x) due to the presence
of multiple |v| is the formula for f .
The following simple statement is not explicitly formulated in the above works [3, 13, 2],
though it gives a very important and useful characterization of C0,r property in terms of
continuity of adjoint maps into compact open topologies.
Lemma 5.4 (Characterization of C0,r maps). Let 0 ≤ r < ∞, L be a topological space, and
f : L→ Cr(M,N) be a map. Then the following conditions are equivalent.
(1) f : L→ Cr(M,N) is continuous into the topology Wr of Cr(M,N).
(2) The composition map
jr ◦ f : L
f
−−→ Cr(M,N)
jr
−−→ C0(M,J r(M,N))
is continuous into the topology W0 of C0(M,J r(M,N)).
(3) The map Fˆ : L ×M → J r(M,N) defined by Fˆ (v, x) = jr(f(v))(x) is continuous as a
map from the standard product topology of L×M .
(4) Let F = (F1, . . . , Fn) : L× (Rm)
+
Λ ⊃ L×V → R
n be any local presentation of the map
F : L×M → N , F (v, x) = f(v)(x), where V ⊂ (Rm)+Λ is an open set. Then each partial
derivative
∂iFj
∂xa1 · · ·∂xai
: L× V → R
in (x1, . . . , xm) ∈ V up to order r of each coordinate function Fi of F is a continuous
function on L× V .
(5) The adjoint map F : L×M → N , F (s, x) = f(s)(x), is C0,r.
Proof. The equivalences (1)⇔(2) and (3)⇔(5) follow from the definitions of the topology Wr
and property C0,r respectively. Also by Lemma 3.3(1), we have the implication (5)⇒(3), and
its inverse (3)⇒(5) holds by Lemma 3.3(3) and local compactness of M .
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(3)⇔(4). Notice that continuity of Fˆ , that is condition (3), is equivalent to continuity of
each of its local presentations. Moreover, given a local presentation
(F1, . . . , Fn) : L× V → R
n
of F one can define a local presentation of
Fˆ : L× V → Rn(1+m+m
2+···+mr)
of Fˆ by
Fˆ (v, x) =
(
x,
{
∂iFj(v,x)
∂xa1 ···∂xai
}i=0,...,r, j=1,...,n
a1,...,ai=1,...,m
)
.
Then Fˆ is continuous iff so is every of its coordinate functions being a partial derivatives up
to order r of coordinate functions of F , i.e. when condition (4) holds. 
Corollary 5.5 (Characterization of C0,∞ maps). Let L be a topological space, and f : L →
C∞(M,N) be a map. Then the following conditions are equivalent.
(1) f : L→ C∞(M,N) is continuous into the topology W∞ of C∞(M,N).
(2) The map F : L×M → N , defined by F (s, x) = f(s)(x), is C0,∞.
(3) Let F = (F1, . . . , Fn) : L× (R
m)+Λ ⊃ L×V → R
n be any local presentation of the map
F : L ×M → N , F (v, x) = f(v)(x), where V ⊂ Rm+ is an open set. Then each partial
derivative
∂iFj
∂xa1 ···∂xai
: L × V → R in (x1, . . . , xm) ∈ V of each order of each coordinate
function Fi of F is a continuous function on L× V . 
Topology W0,r. Let L be a topological space. Notice that the map
jrM : C
0,r(L×M,N)→ C0(L×M,J r(M,N)) , f 7→ jrM(f),
is injective. Endow C0(L×M,J r(M,N)) with topology W0. Then the induces topology on
C0,r(L×M,N) will be denoted by W0,r.
Lemma 5.6. Let L be a T3 topological space and 0 ≤ r ≤ ∞. Then the exponential map
E = EL,M,N : C
0,r(L×M,N)→ C0(L, Cr(M,N)) , E(F )(v)(x) = F (v, x), (5.2)
is a homeomorphism.
Proof. Notice that we have the following commutative diagram:
C0,r(L×M,N) 
 j
r
M //
E

C0(L×M,J r(M,N))
EL,M,J r(M,N)∼=

C0(L, Cr(M,N)) 
 (jr)∗ // C0(L, C0(M,J r(M,N)))
in which horizontal arrows are by definition topological embeddings, right arrow is a home-
omorphism by Lemma 3.3, and the left arrow (i.e. our map E) is a bijection. Hence it is a
homeomorphism. 
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Corollary 5.7. Let L be locally compact and D be a T3 topological space. Then we have the
following homeomorphisms:
C0
(
D, C0,r(L×M,N)
) (5.2)
∼= C0
(
D, C0(L, Cr(M,N))
) (3.4)
∼=
∼= C0(D × L, Cr(M,N))
(5.2)
∼= C0,r((D × L)×M,N) . 
The following two lemmas are analogues of Lemma 3.2(3) for C0,r maps.
Lemma 5.8. (1) Let F : L×M → N be a C0,r map, Q a smooth manifold, and φ : N → Q
a Cr map. Then the composition φ ◦ F : L×M → Q is C0,r as well.
(2) Moreover, if L is a T3 space, then the multiplication map
m : C0,r(L×M,N)× Cr(N,Q)→ C0,r(L×M,Q) , m(F, φ) = φ ◦ F,
is continuous.
Proof. (1) Since the property C0,r is local and says about coordinate functions of F , it suffices
to consider the case when M ⊂ (Rm)+Λ , and N ⊂ (R
n)+Λ′ are open subsets, and Q = R. Let
v ∈ L, x = (x1, . . . , xk) ∈M , y = (y1, . . . , yk) ∈ N , and F = (F1, . . . , Fn) : L×M → N ⊂ R
n
be the coordinate functions of F .
Notice that φ ◦ F |v×M : v ×M → R is Cr which proves condition (i) of Definition 5.1.
Also, φ ◦ F is continuous, and this proves (ii) for r = 0. Moreover, if r ≥ 1, then
∂(φ ◦ F )
∂xj
(v, x) =
n∑
i=1
∂φ
∂yi
(
F (v, x)
)∂Fi
∂xj
(v, x), j = 1, . . . , m, (5.3)
is continuous in (v, x) due to continuity in (v, x) of ∂φ
∂yi
, ∂Fi
∂xj
, and F . This proves (ii) for r = 1.
If r > 1, then differentiating further (5.3) in x we will see that all partial derivatives of
φ ◦ F up to order r are continuous in (v, x) as well.
(2) Now let us prove continuity of the map m. Notice that by Lemma 3.2(4), we have a
continuous map c : Cr(N,Q) → C0(L, Cr(N,Q)) defined so that c(G) is the constant map
L → {G} to the point G ∈ Cr(N,Q). Then m coincides with the following composition of
continuous maps:
C0,r(L×M,N)× Cr(N,Q)
EL,M,N × c
−−−−−−−→
(5.2)
→ C0(L, Cr(M,N))× C0(L, Cr(N,Q))
∼=
−−−−−−−→
Lemma 3.2(5)
→ C0(L, Cr(M,N)× Cr(N,Q))
Corollary 4.3
−−−−−−−→
→ C0(L, Cr(M,Q)) ∼= C0,r(L×M,Q) .
Notice that T3 property of L is used for continuity of the first arrow. The second arrow is
continuous due to Lemma 3.2(5) and T3 property of spaces of Cr maps. 
C0,r morphisms of trivial fibrations. Let pA : A×B → A and pL : L×M → L be trivial
fibrations, i.e. just projections to the corresponding first coordinates. Then a morphism
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between these fibrations is a pair of continuous maps Σ : A × B → L ×M and λ : A → L
making commutative the following diagram:
A× B
Σ //
pA

L×M
pL

A
λ // L
(5.4)
which just means that Σ(a, b) = (λ(a), µ(a, b)), where µ : A× B → M is a continuous map.
In this case we will write Σ = (λ, µ).
If in addition B,M are smooth manifolds and µ ∈ C0,r(A× B,M) i.e. it is C0,r along B,
then Σ will be called a C0,r morphism.
Thus the following topological product
C0,r× (A× B,L×M) := C
0(A,L)× C0,r(A×B,M)
can be regarded as the space of C0,r morphisms between trivial fibrations pA and pL.
Lemma 5.9. Let A,L be topological spaces and B,M,N be smooth manifolds.
(1) Let Σ = (λ, µ) ∈ C0,r× (A× B,L×M). Then for any C
0,r along M map F : L×M → N
the composition F ◦ Σ : A×B → N is C0,r along B as well.
(2) If A and L are T3 spaces, then the following composition map
m : C0,r× (A×B,M × L) × C
0,r(L×M,N) → C0,r(A× B,N) ,
m(λ, µ, F )(a, b) = F (λ(a), µ(a, b))
is continuous.
Proof. (1) The proof is similar to Lemma 5.8. Notice that F ◦ Σ is continuous and we get
from (5.4) that Σ(a×B) ⊂ λ(a)×M for each a ∈ A. Hence the map
(F ◦ Σ)a := F ◦ Σ|a×B =
(
F |λ(a)×M
)
◦
(
Σ|a×B
)
is Cr. Moreover, it is evident that the partial derivatives of order r of (F ◦ Σ)a along B
in local coordinates are polynomials of partial derivatives of F along M and Σ along B of
orders ≤ r. But the assumption that F and Σ are C0,r means that the latter derivatives are
continuous on the corresponding products A×B and L×M . This implies continuity of the
r-jet of F ◦ Σ along B. We leave the details for the reader.
(2) Notice that m is the composition of the following continuous maps
m : C0,r× (A×B,M × L) × C
0,r(L×M,N) ≡
≡: C0(A,L)× C0,r(A×B,M)× C0,r(L×M,N)
(φ, η, F ) 7→ ( a 7→ ηa, φ, v 7→Fv )
−−−−−−−−−−−−−−−−−−−→
(5.2)
→ C0(A, Cr(B,M))× C0(A,L)× C0(L, Cr(M,N))
( a 7→ ηa, φ, v 7→Fv ) 7→ ( a 7→ ηa, a 7→Fφ(a) )
−−−−−−−−−−−−−−−−−−−−−−−−−→
(3.4)
→ C0(A, Cr(B,M))× C0(A, Cr(M,N))
( a 7→ ηa, a 7→Fφ(a) ) 7→ ( a 7→ (ηa,Fφ(a)) )
−−−−−−−−−−−−−−−−−−−−−−−→
Lemma 3.2(5)
→ C0(A, Cr(B,M)× Cr(M,N))
( a 7→ (ηa,Fφ(a)) ) 7→ (a 7→Fφ(a)◦η)
−−−−−−−−−−−−−−−−−−−→
Corollary 4.3
→ C0(A, Cr(B,N)) ∼= C0,r(A× B,N) . 
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Description of the topology W0,r in terms of norms. There is a well known description
of Whitney topologies Wr in terms of norms ‖ · ‖r,K , see [20, §2.2]. We will need a similar
description of the topology W0,r.
Let U ⊂ L×Rm+ be an open subset, K ⊂ U a compact set, r <∞, and F = (F1, . . . , Fn) :
U → Rn a map being partially C0,r along (Rm)+Λ . Define the C
0,r-norm of F on K by the
following formula:
‖F‖0,r,K := sup
(v,x)∈K, j=1,...,n,
i=0,...,r, a1,...,ai=0,...,m
∣∣∣∣ ∂iFj∂xa1 · · ·∂xai (v, x)
∣∣∣∣ ,
where x = (x1, . . . , xm). It is an analogue of the usual Cr-norm ‖F‖r,K but only in coordinates
in Rm+ , see [20, §2.2].
Let U ⊂ L be an open subset, φ : V → (Rm)+Λ and ψ : W → (R
n)+Λ′ two charts from the
atlases of M and N respectively, and F : L ×M → N be a C0,r along M map such that
F (U × V ) ⊂W . Then a local presentation of F in these charts is the following map
L× (Rm)+Λ ⊃ U × φ(V )
Fˆ
−−→ ψ(V ) ⊂ (Rn)+Λ′, Fˆ (v, x) = ψ ◦ F (t, φ
−1(x)). (5.5)
Therefore if K ⊂ U × V is a compact subset, then one can define the C0,r-norm ‖F‖φ,ψ0,r,K of
F on K with respect to charts (φ, ψ) by
‖F‖φ,ψ0,r,K := ‖Fˆ‖0,r,K .
Given F ∈ C0,r(L×M,N) such that F (K) ⊂W and ε > 0 let
N (F,K,W, φ, ψ, ε) = {G ∈ C0,r(L×M,N) | G(K) ⊂W, ‖F −G‖φ,ψ0,r,K < ε }.
The following statement is an analogue of definition of the topology Wr from [20, §2.1,
Eq.(1)] or [32, Prop. 8.2.8].
Lemma 5.10. The sets N (F,K,W, φ, ψ, ε) constitute a subbase of the topology W0,r on the
space C0,r(L×M,N).
Proof. The proof is almost literally the same as in [32, Prop. 8.2.8] and we leave it for the
reader. 
Convolutions. Let θ : Rl × Rm → [0,∞) be a C∞ function supported in a ball Bl+mσ (0) of
some radius σ, and such that
∫
Rl×Rm
θ = 1. For an open subset U ⊂ Rl+ × R
m
+ put
Uσ = {(v, x) ∈ U | B
l+m
σ (v, x) ⊂ U}.
Then for each C0,r along (Rm)+Λ map F : U → R
n one can define the convolution θ∗F : Uσ →
R
n of θ and F by
θ ∗ F (v, x) =
∫
Rl×Rm
θ(u, y)F (v − u, x− y) du dy =
∫
Bl+mσ (v,x)
θ(v − u, x− y)F (u, y) du dy,
and extend it by zero to a map θ ∗ F : Rl × Rm → Rn. The following statement is similar
to [20, Chapter 2, Theorem 2.3(c)] and we leave it for the reader.
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Lemma 5.11. (c.f. [20, Chapter 2, Theorem 2.3(c)]) Let F : U → Rn be a C0,r along (Rm)+Λ
map, r < ∞, and K ⊂ U be a compact subset. Then for each ε > 0 there exists σ > 0 such
that for every θ supported in a ball Bl+mσ (0) and satisfying
∫
Rl×Rm
θ = 1 we have that
‖θ ∗ F − F‖0,r,K < ε.
6. Differentiable approximations
We prove in Lemma 6.2 below a variant of the standard (relative) approximation theorem
about density of Cs maps in W0,r topologies for s ≥ r. We also establish existence of
homotopies between the initial map and its approximation. This will be the principal fact
for proving weak homotopy equivalences.
Historical remarks. It is shown in the textbook [46, Section 6.7] by N. Steenrod that
every continuous section f : M → E of a locally trivial fibration p : E →M between smooth
manifolds can be arbitrary close approximated by a Cs section f ′ : M → E for any s > 0.
Moreover, if f is already Cs on a neighbourhood U of a closed subset X ⊂ M , then one
can assume that f ′ = f on some smaller neighbourhood V ⊂ U of X. Similar technique
was then described in another classical book [20, Chapter 2, Theorem 2.5] by M. Hirsch for
the proof that Cs(M,N) is dense in Cr(M,N) for r < s with respect to either strong or
weak corresponding topologies. A generalization of that statement was also given in [35,
Theorem A.3.1] for the case when M is a finite-dimensional σ-compact manifold and N is a
locally convex space topological vector space.
An additional observation which is not mentioned in textbooks [46, 20] but is essential
for our purposes is that the approximation f ′ is homotopic to the initial map f . Probably
the reason of not taking that homotopy to account is that in general a homotopy does not
induce a continuous path into the space Cr(M,E) endowed with strong topology . For the
continuity of that path one should require, e.g. that the homotopy is compactly supported,
e.g. [17, Chapter 2, §3, page 43]. These questions are usually considered for approximation
of maps between ANR’s in C0 category, e.g. [21, Chapter IV, Theorem 1.1]. Existence of
such homotopies is proved in the unpublished manuscript [22, Proposition 3], and in [49,
Theorem 11] under wide assumptions on E. It is also expressed in [14] in a more general
context via special subsets conv2(U) = {tx+ (1− t)y | x, y ∈ U} of convex hulls of open sets
U in locally convex vector spaces, c.f. (6.1) below and Remark 7.4.
As an application of existence of arbitrary small homotopies to a smooth approximation
it is shown in [33, Corollary II.13] that if K is a Lie group modelled on a locally convex
space and M a finite-dimensional connected manifold with corners, then each continuous
principal K-bundle over M is continuously equivalent to a smooth principal bundle. More-
over, two smooth principal K-bundles over M are smoothly equivalent if and only if they are
continuously equivalent.
Let us also mention that the technical assumption that f must be Cs on a neighbourhood
of X is presented in all mentioned above papers and it due to gluing technique via partitions
of unity. It prevents to directly extend absolute case A ⊂ B to the relative case Aϕ,X ⊂ Bϕ,X
and was the reason of introducing a notion of stabilizing pair of isotopies, see Remark 7.3.
In what follows 0 ≤ r ≤ s ≤ ∞, L,M,N are smooth manifolds, X ⊂ L ×M a closed
subset, B ⊂ C0,r(L×M,N) an open subset, and B ∈ B. For a map ϕ ∈ Cs(L×M,N) we
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also put
Bϕ,X = {g ∈ B | g|X = ϕ|X}, Aϕ,X = Bϕ,X ∩ C
s(L×M,N) .
Definition 6.1. A map H : [0, 1]× L×M → N is a (B, X, s)-preserving homotopy of B, if
(a) H is C0,r along M ;
(b) H0 = B;
(c) for each t ∈ [0, 1] the map Ht : L×M → N , Ht(v, x) = H(t, v, x), belongs to B and
coincides with B on X;
(d) if B is Cs on some submanifold W ⊂ L×M , then the restriction of H to [0, 1]×W
is Cs as well.
Lemma 6.2. (cf. [20, Chapter 2, Theorem 2.5])
(1) The natural inclusion i : Cs(L×M,N) ⊂ C0,r(L×M,N) is continuous from the topology
Ws to topology W0,r.
(2) The subset Cs(L×M,N) is dense in C0,r(L×M,N) in the topology W0,r.
(3) Suppose B ∈ B a map which is Cs on some neighbourhood of X. Then there exists a
(B, X, s)-preserving homotopy H : [0, 1]× L×M → N of B such H1 ∈ Cs(L×M,N).
Proof. (1) Notice that the inclusion i : Cs(L×M,N) ⊂ C0,r(L×M,N) is a composition of
two upper arrows in the following commutative diagram:
Cs(L×M,N)
i
++
  // Cr(L×M,N) //
 _
jr

C0,r(L×M,N)
 _
jrM

C0(L×M,J r(L×M,N))
ξ∗ // C0(L×M,J r(M,N))
The first horizontal inclusion is continuous from topology Ws to topology Wr for s ≥ r,
and the second horizontal inclusion is continuous since the vertical arrows are topological
embeddings and the lower arrow is continuous.
(2) The proof is similar to the standard approximation theorems, e.g. [20, Chapter 2, Theo-
rems 2.4-2.6] by instead Cr norms, one need to use C0,r norms and, in particular, Lemma 5.11
which allows arbitrary close approximations of C0,r maps by C∞ maps with respect to C0,r
norms. We leave the details for the reader.
(3) The proof is a combination of proofs of [21, Chapter IV, Theorem 1.1] and [20, Theo-
rem 2.5]. One can assume that N is a submanifold of Rτ for some large τ , see [29, Propo-
sition 3.3.9] for manifolds with corners. Let V be a tubular neighbourhood of N in Rτ and
ρ : V → N a smooth retraction3. Then C0,r(L×M,V ) can be regarded as an open subset
of C0,r(L×M,Rτ ) with respect to the topology W0,r. Moreover, by Lemma 5.8, ρ induces a
continuous map
ρ∗ : C
0,r(L×M,V )→ C0,r(L×M,N) , v 7→ ρ ◦ v.
3 If N is a manifold with corners, then existence of such an embedding N ⊂ Rτ is shown in [29, Proposi-
tion 3.3.9], and existence of tubular neighborhoods of N in Rτ is proved in [8, §5, The´ore`me 1], see also [5,
Theorem 2.7].
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Let U be an open neighbourhood of X on which B is Cs. Fix any Cs function λ : L×M →
[0, 1] supported in U and such that λ = 1 on X, and define the following map
η : [0, 1]× C0,r(L×M,N)→ C0,r(L×M,Rτ ) ,
η(t, a) = B + t(1− λ)(a− B).
One easily checks that the addition and multiplication by scalars in C0,r(L×M,Rτ ) is
continuous. This implies that η is continuous as well with respect to the corresponding
topologies W0,r. Hence the following set Y := η−1
(
C0,r(L×M,V )
)
is open in the space
[0, 1]× C0,r(L×M,N), and we get a well-defined continuous map
q = ρ∗ ◦ η : Y → C
0,r(L×M,N) , q(t, a) = ρ ◦
(
B + t(1− λ) · (a−B)
)
. (6.1)
Evidently, q([0, 1]× {B}) = {B}. Hence q−1(B) is an open neighbourhood of [0, 1]× {B}
in Y and therefore in [0, 1] × C0,r(L×M,N). Due to compactness of [0, 1], there exists a
W0,r-open neighbourhood W ⊂ B of B such that [0, 1]×W ⊂ q−1(B).
Now by (2) there exists a Cs map ω ∈ W. Define the map H : [0, 1]× L×M → N to be
the adjoint map of the restriction of q onto [0, 1]× {ω}, that is
H(t, v, x) = q(t, ω)(v, x) = ρ ◦
(
B + t(1− λ) · (ω − B)
)
(v, x).
We claim that H is the desired (B, X, s)-preserving homotopy of B. Indeed, since B is C0,r
along M and ω is Cs, the latter formula implies that
• H is C0,r along M map,
• H0 = B,
• Ht = B on X and Ht = q(t, ω) ∈ B for all t ∈ [0, 1],
• if B is Cs on some submanifold W ⊂ L×M , then the restriction of H to [0, 1]×W
is Cs as well,
i.e. all conditions of Definition 6.1 hold. Moreover, the latter map H1 is Cs. 
Corollary 6.3. Let ϕ ∈ Cs(L×M,N) and β : (Dk+1, Sk) → (Bϕ,X ,Aϕ,X) be a continuous
map of pairs such that its adjoint map
B : Dk+1 × L×M → N, B(z, v, x) = β(z)(v, x),
is Cs on some neighbourhood of Dk+1×X. Then β is homotopic as a map of pairs to a map
into Aϕ,X .
Proof. Consider the following homeomorphisms being the compositions of the corresponding
“exponential laws”:
q : C0
(
Dk+1, C0,r(L×M,N)
) (5.2)
∼= C0
(
Dk+1, C0(L, Cr(M,N))
) (3.4)
∼=
∼= C0
(
Dk+1 × L, Cr(M,N)
) (5.2)
∼= C0,r
(
(Dk+1 × L)×M,N
)
.
Then the adjoint map B to β is the image of q, i.e. B = q(β).
As B is open in C0,r(L×M,N), we see that C0
(
Dk+1,B
)
is open in C0
(
Dk+1, C0,r(L×M,N)
)
,
whence U := q
(
C0
(
Dk+1,B
))
is open in C0,r
(
(Dk+1 × L)×M,N
)
. In particular, U is an open
neighbourhood of B.
Since by assumption B is Cs on some neighbourhood Dk+1×X, we get from Lemma 6.2(3)
that there is a (U , Dk+1 ×X, s)-preserving homotopy
G : [0, 1]×Dk+1 × L×M → N
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of B such that G1 is C
s. In other words, G has the following properties.
(a) G is C0,r along M .
(b) G0 = B.
(c) For each t ∈ [0, 1] the map Gt ∈ U and coincides with B near Dk+1 ×X.
(d) If B is Cs on some submanifoldW ⊂ Dk+1×L×M , then the restriction of G to [0, 1]×W
is Cs as well. In particular, since for each z ∈ Sk the restriction B : z × L×M → N is
Cs, we obtain that the restriction of G to [0, 1]× z × L×M is Cs as well.
(e) G1 ∈ Cs
(
Dk+1 × L×M,N
)
.
Consider the adjoint map
γ : [0, 1]×Dk+1 → C0,r(L×M,N) , γ(t, z)(v, x) = G(t, z, v, x).
Then the above properties of G mean that
(a) γ is continuous;
(b) γ(0) = B;
(c) γ([0, 1]×Dk+1) ⊂ Bϕ,X ;
(d) γ([0, 1]× Sk) ⊂ Aϕ,X ;
(e) γ(1×Dk+1) ⊂ Bϕ,X ∩ Cs(L×M,N) = Aϕ,X.
Hence γ is the desired homotopy. 
7. Proof of (1) and (2) of Theorem 1.8
As in Section 6, 0 ≤ r ≤ s ≤ ∞, L,M,N are smooth manifolds, X ⊂ L ×M a closed
subset, B ⊂ C0,r(L×M,N) an open subset, and A = B ∩ Cs(L×M,N). For a mapping ϕ ∈
Cs(L×M,N) we also denote Bϕ,X = {g ∈ B | g|X = ϕ|X} and Aϕ,X = Bϕ,X ∩ Cs(L×M,N).
First we reformulate Definition 1.2 more explicitly for the context of Theorem 1.8.
Definition 7.1. We will say that a pair of Cs isotopies
Σ = (λ, µ) : [0, 1]× L×M → L×M, ∆ : [0, 1]×N → N (7.1)
leafwise stabilizes ϕ near X whenever the following conditions hold:
(a) for each t ∈ [0, 1] the first coordinate function λ : [0, 1]× L ×M → L of Σ does not
depend on x ∈M , so each Σt is an automorphism of the trivial fibration L×M → L;
(b) Σ0 = idL×M and ∆0 = idN ;
(c) Σt(X) ⊂ IntX for 0 < t ≤ 1;
(d) ∆t ◦ ϕ ◦ Σt = ϕ on some neighbourhood of X (which may depend on t) for each
t ∈ (0, 1].
The following theorem is just a reformulation of the first two statements of Theorem 1.8
in terms of C0,r maps.
Theorem 7.2. (1) The inclusion i : A ⊂ B is a weak homotopy equivalence.
(2) Suppose there exists a pair of Cs isotopies (7.1) which leafwise stabilizes ϕ near X. Then
the inclusion i : Aϕ,X ⊂ Bϕ,X is a weak homotopy equivalence as well.
Proof. Consider the following conditions.
(i) There exists a pair of Cs isotopies leafwise stabilizing ϕ near X.
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(ii) Every continuous map β : (Dk+1, Sk)→ (Bϕ,X ,Aϕ,X) is homotopic as a map of pairs
to a map βˆ whose adjoint mapping
Bˆ : Dk+1 × L×M → N, Bˆ(z, v, x) = β(z)(v, x),
is Cs on some neighbourhood of Dk+1 ×X.
(iii) The inclusion i : Aϕ,X ⊂ Bϕ,X is a weak homotopy equivalence.
We claim that (i)⇒(ii)⇒(iii). This will imply statement (2).
Moreover, if X = ∅, then condition (ii) trivially holds, since Dk+1×X = ∅. Therefore (iii)
will also hold, that is the inclusion i : A ≡ Aϕ,X ⊂ Bϕ,X ≡ B will be a weak homotopy
equivalence, and thus the implication (ii)⇒(iii) gives a proof of (1).
(ii)⇒(iii) Due to Lemma 2.1(4) it suffices to show that every Ws-admissible map β :
(Dk+1, Sk) → (Bϕ,X ,Aϕ,X) is homotopic via a Ws-admissible homotopy of pairs to a map
into Aϕ,X .
But by (ii) such a map is homotopic as a map of pairs (Dk+1, Sk) → (Bϕ,X ,Aϕ,X) to a
map βˆ whose adjoint map is Cs near Dk+1 ×X. Then by Corollary 6.3, βˆ is homotopic as a
map of pairs to a map into Aϕ,X .
(i)⇒(ii) Let B : Dk+1 × L×M → N be the adjoint map of β, so
B(z, v, x) = β(z)(v, x) = ϕ(v, x) for (z, v, x) ∈ Dk+1 ×X. (7.2)
Let also (7.1) be two isotopies which leafwise stabilize ϕ near X. Then it easily follows
from Lemmas 5.8 and 5.9 that the following map
γ : [0, 1]→ C0,r
(
(Dk+1 × L)×M,N
)
,
γ(t)(z, v, x) = ∆t ◦Bz ◦ Σt(v, x) = ∆
(
t, B
(
z,Σt(v, x)
))
is well-defined and continuous.
Lemma 7.2.1. For each 0 < t ≤ 1 there exists an open neighbourhood Vt of X in L ×M ,
such that
γ(t)(z, v, x) = ϕ(v, x), (z, v, x) ∈ Dk+1 × Vt. (7.3)
In particular, γ(t) is Cs near Dk+1 ×X.
Proof. By assumption (d) of Definition 7.1, ∆t ◦ ϕ ◦Σt = ϕ on some neighbourhood Ut of X
for each t ∈ (0, 1]. Since Σt(X) ⊂ IntX for 0 < t ≤ 1, it also follows from assumption (c)
that X ⊂ Int
(
Σ−1t (X)
)
. We claim that Vt := Ut ∩ Int
(
Σ−1t (X)
)
satisfies the statement of our
lemma.
Indeed, if (z, v, x) ∈ Dk+1 × IntΣ−1t (X), then Σt(v, x) ∈ X, and therefore by (7.2)
B
(
z,Σt(v, x)
)
= Bz ◦ Σt(v, x) = ϕ ◦ Σt(v, x).
Hence if z ∈ Dk+1 and (v, x) ∈ Vt = Ut ∩ Int
(
Σ−1t (X)
)
, then
γ(t)(z, v, x) = ∆t ◦Bz ◦ Σt(v, x) = ∆t ◦ ϕ ◦ Σt(v, x) = ϕ(v, x). 
Consider another (continuous due to Corollary 5.7) adjoint map to γ
G : [0, ε]×Dk+1 → C0,r(L×M,N) , G(t, z)(v, x) = ∆t ◦B ◦ Σt(z, v, x),
being a homotopy of β. As shown above, G([0, ε] × Dk+1) ⊂ Bϕ,X . Moreover, since β(Sk)
consists of Cs maps and Σ and ∆ are also Cs, it follows that G([0, ε]× Sk) ⊂ Aϕ,X. Hence G
is the desired homotopy of β to a map γ(ε) such that its adjoint map Gε is Cs near X.
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Theorem 7.2 is completed. 
Remark 7.3. Let β : (Dk+1, Sk) → (Bϕ,X ,Aϕ,X) be a continuous map and B : Dk+1 × L×
M → N be its adjoint map. Then the restriction of B to Dk+1 ×X is given by
B(z, v, x) = f(v, x).
In particular, if X is a submanifold of L×M , then Dk+1×X is a submanifold of Dk+1×L×M
and B is Cs on Dk+1 ×X. However one can not guarantee that B is Cs on a neighbourhood
of Dk+1 ×X, and therefore can not immediately apply Lemma 6.2(3) to approximate B by
a Cs map of all of L×M which coincides with B on Dk+1 ×X.
Moreover, by Whitney extension theorem we can extend B|Dk+1×X to a C
s map, and by
previous technique extend it further to a global map B′ : Dk+1×L×M → N , and even find
a homotopy between B and B′ relatively to Dk+1×X. However, one can not guarantee that
B′ ∈ B.
This illustrates that the problem whether i : Aϕ,X ⊂ Bϕ,X is a weak homotopy equivalence
might essentially depend on f , B, X, r and s, c.f. Lojasiewicz inequalities in [23, 28], and no
narrow fjord condition in [38].
Remark 7.4 (Comparison with results of [14]). As mentioned above, the statement that
the inclusion i : Cs(M,N) ⊂ Cr(M,N) is a weak homotopy equivalence follows from a very
general [14, Proposition 6.1]. Let Q be a topological space and (Qα)α∈A a directed family
of subsets such that Q∞ := ∪α∈AQα is dense in Q. Endow each Qα and Q∞ with some
topologies such that all the inclusions Qα → Qβ for α ≤ β, Qα → Q∞ → Q are continuous.
Then [14, Proposition 6.1] claims that the inclusion Q∞ ⊂ Q is a weak homotopy equivalence,
whenever Q can be covered by cores of well-filled charts and Q∞ is compactly retractive.
We refer the reader for details and precise definitions to [14] however let us mention that in
our case Q = Cr(M,N), and A = {α} consists of a unique element, so Qα = Q∞ = C
s(M,N)
and property of being compactly retractive automatically holds. Moreover, a well-filled chart
in Q is a homeomorphism Q ⊃ U
η
−→ V ⊂ E of an open subset U of Q onto an open subset V
of a locally convex topological vector space E such that there exists an open subset V ′ ⊂ V
satisfying
(i) tf + (1− t)g ∈ V ′ for all f, g ∈ V ′, and
(ii) tf + (1− t)g ∈ V ′∞ := V
′ ∩ η(U ∩Q∞) for all f, g ∈ V ′∞.
Then U ′ = η−1(V ′) is called a core of the well-filled chart η.
Thus by (i) any Cr maps φ, ψ in the core U ′ are “canonically” homotopic in that core, in
particular in the class of Cr maps. Moreover, due to (ii), if φ, ψ are Cs, then that homo-
topy consists of Cs maps. One can easily check that these properties hold for the inclusion
Cs(M,N) ⊂ Cr(M,N), and thus by [14, Proposition 6.1] that inclusion is a weak homotopy
equivalence.
Property (ii) play in the proof of [14, Proposition 6.1] the same role as condition (d) of
Definition 6.1 of (B, X, s)-preserving homotopy (which is guaranteed by formula (6.1)), and
express the same property as the last sentence of [33, Lemma II.4].
8. Maps of pairs of manifolds
Notice that if ∂M 6= ∅, then the group Dr(M) of diffeomorphisms of M is not open
in Cr(M,M) though it is open in the subset Cr(M, ∂M ;M, ∂M) consisting of self maps of
pairs f : (M, ∂M) → (M, ∂M). Therefore the first two statements of Theorem 1.8 are not
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applicable for the proof that for 0 < r < s ≤ ∞ the inclusion Ds(M) ⊂ Dr(M) is a weak
homotopy equivalence, and it would be desirable to have such type of results for open subsets
of Cr(M, ∂M ;N, ∂N).
We will briefly discuss how to extend that technique. For smooth manifolds M,N , and a
topological space L put
Cr∂(M,N) := C
r(M, ∂M ;N, ∂N) = {f ∈ Cr(M,N) | f(∂M) ⊂ ∂N},
C0,r∂ (L×M,N) := {F ∈ C
0,r(L×M,N) | F (L× ∂M) ⊂ ∂N}.
If L is a T3 topological space, then the homeomorphism (5.2) of Lemma 5.6 induces a home-
omorphism
EL,M,N : C
0,r
∂ (L×M,N)
∼= C0(L, Cr∂(M,N)) .
Moreover, if L is a smooth manifold, then we denote
Cr∂(L×M,N) := C
0,r
∂ (L×M,N) ∩ C
r(L×M,N) .
The following statement shows that Theorem 7.2 holds if we replace C0,r(L×M,N) and
Cs(L×M,N) with C0,r∂ (L × M,N) and C
s
∂(L × M,N) respectively. We will just indicate
principal changes.
Assume that L is a smooth manifold, X ⊂ L×M is a closed subset, B ⊂ C0,r∂ (L×M,N)
is an open subset, and A = B ∩ Cs∂(L ×M,N). For a mapping ϕ ∈ C
s
∂(L ×M,N) we also
denote Bϕ,X = {g ∈ B | g|X = ϕ|X} and Aϕ,X = Bϕ,X ∩ Cs(L×M,N).
Theorem 8.1. (1) The space Cs∂(L×M,N) is dense in C
0,r
∂ (L×M,N) in the topology W
0,r.
(2) Let B ∈ B be a map which is Cs on some neighbourhood of X. Then there exists a
(B, X, s)-preserving homotopy H : [0, 1] × L ×M → N of B such H1 ∈ Cs∂(L ×M,N)
and H
(
[0, 1]× L× ∂M
)
⊂ ∂N .
(3) The inclusion i : A ⊂ B is a weak homotopy equivalence.
(4) Suppose there exists a pair of Cs isotopies (7.1) which leafwise stabilizes ϕ near X. Then
the inclusion i : Aϕ,X ⊂ Bϕ,X is a weak homotopy equivalence as well.
Sketch of proof. (1) The proof follows the line of approximation theorems for maps of pairs
of manifolds, [20, Chapter 2, Lemma 3.1].
(2) This is a variant of the statement (1) of Lemma 6.2. The proof is literally the same,
however one only need to put in the corresponding notations the subscript ∂ and choose an
embedding N ⊂ Rτ , a tubular neighbourhood V of N , and a retraction ρ : V → N so that
∂N = N ∩ Rτ−1 and ρ−1(∂N) ⊂ V ∩ Rτ−1. Those conditions can easily be satisfied. Then
the formula (6.1) gives a well-defined map q : Y = η−1
(
C0,r∂ (L ×M,V )
)
→ C0,r∂ (L ×M,N)
which implies existence of the desired homotopy H .
The proof of statements (3) and (4) also literally repeats the arguments of Corollary 6.3
and Theorem 7.2. We leave the details for the reader. 
In particular, statements (3) and (4) of Theorem 8.1 prove statement (3) of Theorem 1.8.
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